We study a production of Coulomb-assisted Σ − -nucleus bound states by nuclear (K − , π + ) reactions within a distorted-wave impulse approximation, so as to examine several types of the Σ-nucleus potentials that are consistent with the available Σ − atomic X-ray data and nuclear (π − , K + ) data. We theoretically demonstrate the inclusive (K − , π + ) spectra of the Σ − unstable bound states on 28 Si, 58 Ni, and 208 Pb targets at incident K − lab momenta p K = 400-800 MeV/c.
I. INTRODUCTION
It has been discussed that a study of a negatively charged Σ − hyperon in nuclei would provide valuable information concerning the maximal mass of neutron stars [1] , in which a baryon fraction is found to depend on properties of hypernuclear potentials in neutron stars.
The Σ − hyperon in nuclei undergoes a fast decay via strong ΣN → ΛN conversion processes due to the mass difference of m Σ − m Λ ≃ 80 MeV. Gal and Dover [2] estimated a broad Σ − width of Γ Σ ≃ 23 MeV in nuclear matter by effectively describing the conversion processes as the imaginary part of a Σ-nucleus (optical) potential. One of the most important subjects in this research field is to clarify properties of the real and imaginary parts of the Σ-nucleus potential.
The latest analyses of strong-interaction shifts and widths in Σ − atoms, which are obtained from the Σ − atomic X-ray data, have suggested that the Σ-nucleus potential has a repulsion inside the nucleus and a shallow attraction outside the nuclear surface [3] . However, it should be noticed that the Σ − atomic energies and widths are not so sensitive to a radial distribution of the Σ-nucleus potential inside the nucleus.
Noumi and his collaborators [4, 5] have performed measurements of Σ-hypernuclear production by inclusive (π − , K + ) reactions on C, Si, Ni, In and Bi targets at p π = 1.20 GeV/c in KEK-E438 experiments. Several theoretical analyses have also suggested that a repulsive component in the Σ-nucleus potentials is needed to reproduce the observed spectra of (π − , K + ) reactions on nuclear targets [5] [6] [7] . This repulsion originates from the ΣN T = 3/2, 3 S 1 channel, of which state corresponds to a quark Pauli-forbidden state in the baryon-baryon system [8, 9] , and it is a candidate for the appearance of quark degrees of freedom in nuclear physics.
In a previous paper [7] , we have succeeded to explain the 28 Si(π − , K + ) data as well as the Σ − atomic X-ray data simultaneously, by using the Σ-nucleus potentials that have a repulsion inside the nuclear surface and an attraction outside the nucleus with a sizable absorption [10] . Nevertheless, the radial distribution of the potential inside the nucleus and its strength at the center are hardly determined by fits to the Σ − QF spectrum [7, 11] . Since the Σ − continuum states in the QF region are favored in the (π − , K + ) reaction due to its large momentum transfer of ∼400 MeV/c, quantitative ambiguity of the potential cannot be resolved in the analysis of the complicated continuum states over a wide excitation-energy range [7] .
One expects that there are the Σ − -nucleus bound states assisted by the Coulomb attraction even if the Σ-nucleus potential is repulsive. The wave functions of the Σ − states are sizably moderated by strong interactions because a rms radius for a Σ − atomic 1s state in medium-to-heavy nuclei is comparable to its nuclear size, e.g., r 2 1/2 1s = 4.2 fm for a 57 Co core-nucleus where R = 1.1A
1/3 = 4.23 fm. Yamazaki et al. [12] called these states "Coulomb-assisted hybrid bound states", rather than Σ − atomic states. Can we clearly observe such a Σ − bound state?
In this paper, we theoretically demonstrate a production of the Coulomb-assisted Σ − -nucleus bound states by nuclear (K − , π + ) reactions for forthcoming J-PARC experiments.
It is well known that the nuclear (K − , π + ) reaction provides the recoilless condition for a Σ − production (see Fig. 1 ), which leads to the optimum population of a ∆L = 0 transition on nuclear targets [13] . For medium-to-heavy nuclei, however, it seems that individual Σ − levels with broad widths are unseparated because the level densities are high in the Σ − bound region. Thus an appropriate momentum transfer near recoilless conditions is required to selectively populate a non-substitutional bound state in Σ − -nucleus systems. We perform a calculation of the inclusive spectra on 28 Si, 58 Ni and 208 Pb targets within a distorted-wave impulse approximation (DWIA) in order to examine properties of the Σ-nucleus potentials.
We attempt to extract quantitative information on the repulsive component of the Σ-nucleus potentials from the calculated (K − , π + ) spectra. This is a natural extension of examinations of the Σ-nucleus potentials by Σ − production reactions on nuclear targets [7, 11, 14] .
The outline of this paper is as follows: In Sect. II, we briefly mention a framework for the nuclear (K − , π + ) reactions in a DWIA. In Sect. III, we show properties of several Σ-nucleus potentials that are consistent with the Σ − atomic X-ray data [3] and nuclear (π − , K + ) data [4, 5] . In Sect. IV, we calculate the binding energies and widths of the Coulomb-assisted • . We discuss the dependence of a peak structure in the spectra on various types of the Σ-nucleus potentials in order to discriminate among these potentials. Summary and conclusion are given in Sect. VI.
II. THEORY
A. Distorted-wave impulse approximation (DWIA)
Hypernuclear production cross sections have been usually calculated with the framework of a DWIA [15] [16] [17] [18] [19] [20] . The double-differential cross section for the (K − , π + ) reaction at a forward-direction angle θ lab in a lab frame is written [21, 22] by
where |Ψ B is a final state of the Σ − nuclear system with a total spin J B , and |Ψ A is an initial state of the target nucleus with a total spin J A . The momentum and energy transfer to the Σ − final state is given by
where p K and p π (E K and E π ) are the lab momenta (energies) of the incident K − and outgoing π + in the many-body
* reaction, respectively. The kinematical factor β [23, 24] expresses the translation from the two-body K − -p lab system to the K − -A Z lab system [19] , which is given by
where p
K and p p K are the distorted waves for the outgoing π + and incoming K − , respectively. The computational procedure for the distorted waves is simplified with the help of the eikonal approximation [16, 18] . The meson distorted waves are expressed [25] as
wherej L (q, r) is a radial distorted wave with the angular-momentum L and momentum transfer q. Here we used total cross sections of σ K = 32 mb for K − N scattering and σ π = 30 mb for π + N one, and α K = α π = 0 [18] , as distortion parameters inj L (q, r), together with a matter density distribution fitted to the charge radius [26] .
---TABLE I ---For the nuclear targets, we use single-particle wave functions for a proton, which are calculated with a Woods-Saxon (WS) potential [27] : Fig. 1(a) . According to the procedure by Rosental and Tabakin [32] , we perform the Fermi-averaging of the K − + p → π + + Σ − scattering T -matrix obtained by Gopal et al. [33] .
In Fig. 1 , we show the Fermi-averaged lab cross section of the
at the detected π + angles θ lab = 0
• and 10
• , as a function of the incident K − lab momentum p K , together with the momentum transfer q Σ in the nuclear (K − , π + ) reaction. |f| 2 and |g| 2 denote the non-spin-flip and spin-flip components of the Fermi-averaged lab cross sections, respectively. No data are measured in the low incident K − momentum region below about 300 MeV/c. The shape of the Fermi-averaged cross section near 400-800 MeV/c sizably becomes broader, and its value is not so changed by a choice of the target, as discussed by Dover et al. [22, 34] . Since the spin-flip cross sections of |g| 2 is negligible, we consider only the non-spin-flip process in the nuclear (K − , π + ) reaction in this paper.
C. Green's function technique
To evaluate the inclusive spectrum in Eq. (1), here we employ the Green's function method [21, 35] . This technique can describe an unstable hadron nuclear system such as a Σ − , Ξ − or K − nuclear state very well [7, 11, 23, 25] . The complete Green's function G provides all information concerning Σ-nucleus dynamics as a function of the energy transfer ω = E B − E A or the energy E measured from the Σ − + core-nucleus threshold,
where m Σ − and M C are masses of the Σ − and the core-nucleus, respectively. It is obtained by solving the following potential problems:
where 
Thus the inclusive spectrum of the double-differential cross section is rewritten as
with the strength function S(ω), which is given by
where r is the relative coordinate between the Σ − and the core-nucleus. f α (r) presents the production function via Σ − -nucleus doorways that are excited initially as
where α |ψ N (r)|Ψ A is a hole-state wave function for a struck nucleon in the target, and α denotes the complete set of eigenstates for the system. The factors of M C /M B and M C /M A take into account the recoil effects.
Here we consider the Σ − -nucleus system in a non-relativistic framework. Since U Σ has an imaginary part, the Hamiltonian H = T + U Σ is non-Hermitian. Thus the Schrödinger equations are written as
where E n is a complex eigenvalue. The Σ − nuclear binding energy and width for a Σ − unstable bound state can be evaluated as
where k andφ n is the wave function given by a biorthogonal set; its conjugate state becomes (φ n ) * = ϕ n , of which radial wave functions must be normalized by so-called c-products
under the boundary condition for decaying states [37] . The completeness relation for the complete Green's function is written as
where the summation over n includes all the pole of the S-matrix in the complex k-plane, and u(k, r) is a scattering wave function. In the bound region, Green's function might be expanded [35] as
where the pole contribution of the bound state can be expressed as
and G (bg) (E; r ′ , r) indicates the background contribution. Note that the interference by the background term or other pole terms occasionally affects the spectrum in the continuum region E > 0 near the Σ − threshold if |ImU Σ | is large [35] .
D. Integrated cross sections and the complex effective number
To study a structure of hypernuclear bound states, the integrated cross sections of these states have been often evaluated in DWIA calculations [15] [16] [17] [18] [19] [20] . 
whereᾱ is a kinematical factor [18] [19] [20] 23 ] defined bȳ
and P eff is the complex effective number of a proton [24] , which describes all information on the nuclear structure of the unstable bound systems. When the potential has no imaginary part, P eff becomes a real number. This approach also provides a good insight into a signal of Σ − bound states caused by a complex potential U Σ , as discussed in Refs. [24, 35] .
For a closed-shell target with J π = 0 + , the complex effective number of a proton for the
where ℓ Σ + ℓ p + J B must be even because the spin-flip processes are neglected. This leads to a population of the natural parity states with
where
jp is a single-particle wave function for the proton, andφ j Σ is the biorthogonal one for Σ − , as given by Eq. (14) . The recoil effects are taken into account in the distorted waves
III. Σ-NUCLEUS POTENTIALS
We briefly mention the Σ-nucleus potentials which we discussed in this paper. In previous papers [7, 11] , we have introduced several types of the Σ-nucleus potential obtained by fitting to strong-interaction shifts and widths of Σ − atomic X-ray data; (a) the density-dependent (DD) potential [10] , (b) the relativistic mean-field (RMF) potential [38] , (c) the local-density approximation potential (LDA-NF) based on YNG-NF interaction [39, 40] , (d) the LDA potential (LDA-S3) based on phenomenological two-body ΣN SAP-3 interaction [14] , (e) the shallow potential in the WS form (WS-sh) [41] , and (f) the t eff ρ-type potential (t eff ρ)
[10]. It should be noticed that all of the potentials sufficiently reproduce the experimental shifts and widths of the Σ − atomic states; the values of the shifts and widths are mainly sensitive to the tail part of the potentials outside the nuclear surface [10] .
In Fig. 2 , we display the real and imaginary parts of the Σ-nucleus potentials of DD, LDA-NF, and t eff ρ for Σ − -27 Al (
, where the real parts of the potential include the finite Coulomb potentials. In Refs. [7, 11] , it has been attempted to discriminate between these types of the potentials by analyzing the nuclear (π − , K + ) data in the Σ − continuum spectrum. These analyses have shown that the Σ-nucleus potentials have a repulsion inside the nuclear surface and an attraction outside the nucleus, i.e., DD, RMF and LDA-NF, rather than an attraction at the nuclear center, i.e., LDA-S3, WS-sh and t eff ρ. Moreover, the former potentials are considerably different from each other in terms of the repulsion at r < ∼ R = r 0 (A − 1) 1/3 fm and the attractive pocket outside there. The repulsion in DD at the nuclear center (∼80 MeV) is 2-3 times larger than that in LDA-NF or RMF (∼40 MeV) [7] , whereas the range of the pockets in DD near the nuclear surface is slightly shorter than that in LDA-NF. Such a difference of the repulsion and attractive pocket is expected to be clearly examined if we can observe the Σ − bound states in the spectrum. In this paper we will focus on three potentials of DD, LDA-NF and t eff ρ, as the typical examples.
IV. Σ − -NUCLEUS BOUND STATES A. Energies and widths
In 
For the t eff ρ potential, we confirm that there exist Σ − bound states even if the Coulomb potential is switched off (see Fig. 3 ), because its real part corresponds to V Σ 0 ≃ −28 MeV as a WS potential, which is similar to the Λ-nucleus potential [18, 20] . Such a bound state has a broad width (Γ Σ /2 > ∼ B Σ − ), of which the pole arises away from the physical axis in the complex k-plane [42] . If the pole is located close to the Σ − emitted threshold, the magnitude of the production peak is modified by interference effects from background or other pole terms [21] . Thus the shape of the peak in the spectrum does not necessarily correspond to that of a standard Breit-Wigner resonance located at B Σ − [21, 24] .
For the DD potential, on the other hand, we do not obtain the bound states till we take into account the Coulomb attraction because the potential is very repulsive inside the nucleus. As seen in Table II 
To clearly understand the effects of the repulsion such as the DD potential at the nuclear inside, we examine behavior of wave functions of the Σ − bound states. In Fig. 4 , we display the density distributions of r 2 ρ nℓ (r) = r 2 |ϕ nℓ (r)| 2 that are calculated with the DD or LDA- 
V. RESULTS AND DISCUSSION
As mentioned in Sect. I, the (K − , π + ) reaction provides the ability of a production of "substitutional states" under the recoilless condition, in contrast to the exothermic (π 
is experimentally unknown (see Fig. 1(a) ), and a corresponding measurement seems to be difficult due to a background of Consequently, the momentum transfer of the near-recoilless q Σ ≃ 110 MeV/c at p K ≃ 600
MeV/c is necessary to clearly obtain the bump structure of the Coulomb-assisted Σ − bound states in the spectrum.
---FIG. 6 ---
To see the angular dependence of the spectrum, we calculate the inclusive spectra at p K = 600 MeV/c, as a function of θ lab . In Fig. 6 , we show the spectra at θ lab = 5
• , 10
• , 20
• and 30
• , which correspond to q Σ ≃ 117, 143, 214 and 296 MeV/c, respectively. A structure of the peak and dip below the Σ − threshold in the spectrum disappears as increasing q Σ .
The shape of the spectrum at θ lab = 30
• in which q Σ ≃ 296 MeV/c is near by the Fermi momentum of ∼270 MeV/c, becomes similar to that of the (π − , K + ) reaction with a high momentum transfer of ∼380 MeV/c. Therefore, the spectrum at p K ≃ 600 MeV/c (5 • ) is expected to be a complement to the analyses of the Σ − atomic and (π − , K + ) data. spectrum.
Integrated cross sections
To study the structure of the Coulomb-assisted Σ − -nucleus bound states, we also calculate the integrated cross sections, which can be intuitively understood by the behavior of Σ − wave functions, as seen in Eqs. (22) and (23).
Firstly, we start to consider the Σ − bound states with the t eff ρ potential, because this situation is analogous to the Λ-hypernuclear production in the (K − , π − ) reaction, except their widths. In Fig. 8 , we illustrate the results of the integrated cross sections of the Σ − bound states with (j
and 800 MeV/c (5 • ). Here we estimated them with only the real part of the potential to clearly see their dependence on q Σ when we took into account the 1f
7/2 and 2s
1/2 proton-hole states.
As far as a recoilless kinematics, we expect that "substitutional states" are selectively populated in the Σ − bound states, e.g., (1f
7/2 , 1f Σ ) 0 + with the ∆L = 0 transition. This nature approximates to a production at 400 MeV/c with q Σ ≃ 66 MeV/c, as seen in Fig. 8 .
The components of the (1f −1 7/2 , 1d Σ ) 3 − ,5 − states are enhanced as increasing q Σ , whereas the components of (1f −1 7/2 , 1f Σ ) 0 + are reduced. We confirm that the partial-wave components in the cross section are very sensitive to the value of the momentum transfer. This behavior is reasonable from the viewpoint of the Λ-hypernuclear production [20] . However, this scenario is changed for the DD potential, as we will discuss below. In Table III Table IV , we show that ReP eff is reduced with ArgP eff =
45-55
• in the complex effective number approach [24] . To see the effects of the repulsion in the real part of the potential, we also list the calculated results without the imaginary part of the potential. Such a peak is shifted downward from the energy position at −B Σ − and behaves as an asymmetric shape with a relatively narrow width [35] . Here we used several types of the potentials that were tested by the (π − , K + ) reactions in Ref. [7] , as mentioned in Sect. III.
Note that these spectra were renormalized to the value obtained by the DD potential at ω = 280.8 MeV.
We find that a peak of (1d Tables II, which is very different from B Σ − = 9.54 MeV for t eff ρ, the gap energy of the levels between the other bound states is not so large. Consequently, the attraction for Σ − with the help of the Coulomb potential is more needed to clearly identify a Σ − bound state.
We believe that it is not so difficult to measure a peak structure of the Coulomb-assisted Σ − -nucleus bound states in heavier systems such as Σ − -57 Co, rather than Σ − -27 Al.
To see whether we tell the difference of the repulsive nature between DD and LDA-NF or not, we consider the spectrum of the Coulomb-assisted Σ − bound states in the heavy nuclei.
In Fig. 2 , we represent the real and imaginary parts of the Σ − -207 Tl potentials for DD and LDA-NF, together with the finite Coulomb potential. The Coulomb potential gives a large contribution to the potential energy at the nuclear center, i.e., |U Coul | ≃ 25 MeV, which is comparable to that from the repulsion in LDA-NF. As seen in Fig. 4 , wave functions for the 5/2 proton-hole ones. We find that the shape of the calculated spectra clearly discriminate between the repulsive potentials (DD, LDA-NF) and the attractive one (t eff ρ), but the spectra for DD and LDA-NF are very similar to each other.
The insensitivity of the spectrum to the real part of the potential is caused by the following reason. The ratio of the expectation values of the (1s) Σ state for Σ − -207 Tl,
in DD (LDA-NF) is suppressed rather than 0.131 (0.088) for Σ − -27 Al. Unfortunately, we recognize that the effect of the Σ-nucleus potential is rather masked by the Coulomb potential due to the heaver nuclei.
As shown in Fig. 11 , many partial-wave states of the Coulomb-assisted Σ − -nucleus states can be easily populated by the (K − , π + ) reaction on 208 Pb. In contribution from a 1h 9/2,7/2 . This results are contrast to early calculations [43] in which only the 1h
11/2 proton-hole state was considered. It should be noticed that the contributions of the deep-hole states are important to examine the spectrum below the Σ − threshold quantitatively. This implies the importance of choosing the appropriate nucleus as a target, e.g., 58 Ni, as discussed in Sect. V A.
VI. SUMMARY AND CONCLUSION
We have performed the theoretical study of the Coulomb-assisted Σ − -nucleus bound states to examine properties of the Σ-nucleus potential and have attempted to discriminate between various types of the Σ-nucleus potentials that are consistent with the Σ − atomic X-ray and nuclear (π − , K + ) data. Some potentials we used are repulsive inside the nuclear surface and attractive outside the nucleus with the sizable absorption. We have calculated the DWIA inclusive spectra in the (K − , π + ) reactions on 28 Si, 58 Ni and 208 Pb targets at (iv) For the heavier nuclei, the shape and magnitude of the spectrum near the Σ − threshold are rather insensitive to the Σ-nucleus potential because the level spacing of the populated Σ − states is very tight for the Coulomb attraction.
In conclusion, the near-recoilless (K − , π + ) reactions on suitable nuclear targets such as 58 Ni provide a candidate to clearly discriminate between qualitative properties of the Σ-nucleus potentials, which can populate the Coulomb-assisted Σ − -nucleus bound states with a relatively narrow peak at the forthcoming J-PARC experiments. We believe that properties of the Σ-nucleus potential are quantitatively clarified by obtaining valuable information on the production of the Coulomb-assisted Σ − -nucleus bound states in the (K − , π + ) reactions, as a full complement to the energy-shifts and widths of Σ − atomic X-ray data and the Σ − QF spectrum of (π − , K + ) data. Here the DD potential is used. The thick solid and thick dashed curves denote a total inclusive spectrum and a total contribution of a 1f 
